Question 1 (Begin a new page)

@

(b)

(©)

(d)

()

1 X

dx

Evauate I ”
ol+e

Find J- ﬂdx
COS X

(i) usethesubstitution y = 1 — x° to evaluate

¥3
(i) Hence use integrating by partsto find I ? 3x?costx dx.

0

n/3 1
Use the substitution t = tan > to evaluate J‘ -
2 0 5 - 4cosx

the answer in simplest exact form.

dx , expressing

(i) Find the real numbers A and B such that
X +3 _ Ax+1, B
(x2+1)(x+1) X +1 x+1

2
(ii) HencefindJ' X *3X 4
X+ D(x +1)
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Question 2 (Begin a new page)

@

(b)

(©)

(d)

(€)

Show that (1 +i)® = 2(i — 1)

Show that the complex number 7 = 6-2 6 isred.
3+4i b5

Sketch the region in the Argand diagram where the inequalities

lz—2+2i| <2 ad _ I < agz < _r
3 6
holds simultaneously.
z = x + iy isacomplex number suchthat |z — 3 - 4i| = 2 .
(i) Find the maximum vaueof |z|.

(i) Find the minimum value of arg z

For any non-zero complex number z,

(i) show that arg(éj: 2agz.

(if) Let z be acomplex number for which z # 0, z# 1 and
z z-1

z  z-1

Show that argz = arg(z - 1) +% or argz = arg(Z—l)—g

(ii1) Hence sketch the locus of al points z that satisfy

E z-1
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Question 3 (Begin a new page)

@

(b)

(©)

The diagram below show the discontinuous function y = f(x) .

Draw large (half page), separate sketches of each of the following:

i) y=Ilfx-1]
(i) y=-1
f(x)
(iii) y =+ -f(x)
(iv) y=In(f(x)
V) Y =fx
Itisgiventhat 3—i isaroot of P(z) = Z° + kz + 60 wherekisareal
number.
(i) Statewhy 3+iisasoaroot of P(2).
(i) Solvethe equation P(2) =0
(iif) Hence determine the value of k.
For z = r(cos® + isn®), findrandthesmallest valueof 6 which
satisfies
theequation 27 = 9 + 3(3]|
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Question 4 (Begin a new page) Marks

2

2
(@  Thehyperbola X _ ¥ =1 a>b > 0 haseccentricity e.
a

b
(i) Show that the line through the focus F (ae, 0) that is perpendicular to the 1
asymptote y = bX has equation ax + by — ae=0
a
(if) Show that this line meets the asymptote at a point on the corresponding 2
directrix .
(b)  Find the equation of the normal to the curve x* + 3xy — 2y° + 13 = 0 a the 3
point (-1, 2).

(©) The point P (cp,gj and Q (cq,Ej p = q liesonthe
p q

same branch of the hyperbola xy = ¢.The tangents at
P and Q meet at point T.

(i) Show that the equation of the tangent to the x 2
hyperbolaat Qis x + gy = 2cq.

(ii) Show that T has coordinate (&P_OLAJ 2
p+gqp+q

(iii) If Pand Qmovesothat pg = k wherek is acongant, show that the 2
locusof T isastraight line and give its equation in terms of k.

(d) In the diagram, the tangent to the ellipse

a P(«/E cos 6, 22 sin 0) intersect the YA
x-axisat R and they-axisat S. A

(i) Show that the areaof AORS is 4 , 1
sin26
where O isthe origin. [ You may assume
the equation of the tangent at P to be

xcos@+ysin0_

2 a2

(i) Find the coordinate of P where the areais a minimum.

1]-
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Question 5 (Begin a new page)

€) ABC isan acute-angled triangle inscribed in
acircle. Pisapoint on the minor arc AB of
the circle. PL and PN are the perpendiculars
from P to CA (produced) and CB
respectively. LN cuts AB at M.

(i) Copy the diagram.

(i) Explain why PNCL isacyclic
quadrilateral.

(iif) Showthat /PBM = /PNM .
(iv) Hence deduce that
(«) PBNM isacyclic quadrilateral

(8) PM isperpendicularto AB.

(b) Theroots of x° + px2 + gx + r = 0 form an arithmetic progression, prove
that 2p° + 27r — 9pq = O .

(© Use the following identity to answer the following question.
4tan 6 — 4tan’ 6

tan46 = > "
1-6tan 6+ tan O

(i) Solvetheequation x* + W3 —ex—M3x+1=0.

(i) Hence show that

(@ tanZ +tanlZ + 43 =tan>Z + tan 12
24 24 24 24

tan2Z tan L~ = cot = cot 12

24 24 24 24

(B)
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Question 6 (Begin a new page) Marks

€) The diagram shows the graph of the curve
y =x + €&, x> 0 . Theregion bounded by the
curve and the line y = x between

X = 0 and X = U jsrotated through one
complete revolution about the y- axis.

(i) usethe method of cylindrical shells to show e / 3
that the volume of the solid of revolution is given ” X
u ///
by V=27 j X€' dx
0
(i) Henceshowthat v =27 (3u— * - 1) 3
(b) The base of acertain solid isthe ellipse
2 2
X4 L=g Every cross-section
25 16

perpendicular to the x-axisis an equilateral
triangle. The shaded cross-section is an
equilatera triangle with base PQ.

(i) Show that the shaded cross-sectional areais given by !
A =43y
(ii) Hence express the cross-sectional area as a function of x. 1
(iif) Find the volume of the solid. 2
()  Thediagram showsthegraphof ¥ = f(x) where f(x) = X’ - 3x; x> 1
(i) Copy the diagram. On your diagram sketch the 2
4 _ graph of theinverse function Y =f (X, showing any
»= A7) intercepts on the coordinate axes and the coordinates of
any end points. Draw in thelineof y= x.
p 5 > (if) Find the coordinate of any point of intersection of
j ) * the curvey = f(x) andy = f"(X) . 1
(1 ' -2) (iti) Hence find the area of the region in the first
2

quadrant bounded by the curvey = f(x),Y = f ") and
the coordinate axes.
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Question 7 (Begin a new page)

@

(b)

(©)

Solveforx, tan ~*(4x) — tan '(3x) = tan ( 1 J
=

A sequence of number u_ is defined by
u,=8u, ,—-15u , nx>3

and u =2, u,=16

(i) Provethat u = 5" 3" for n> 1 bythemethod of mathematical
induction.

(i) Hence show that

1
If 1 = j x(L-x)"dx n=0, 1, 2...

0

() Showthat | =—"—|  n=12...
n+2

(i) Hence deduce that |n=+2 n=1,23.....
2 "',

(iii) Findnforwhich | <-L
132
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Question 8 (Begin a new page)

4 3

@ Consider the polynomia  p(x) = XX i o+ p, p isarea number.
4 3

(i) Show that P(x) has exactly one turning point for all real values of p.

(i) For what value of p does the equation P(x) = 0 have no real roots?

(b) A particle movesin astraight line with velocity v and its acceleration given by

a= -wWl-Vv'. The displacement x, of the particle from afixed origin Ois
initially zero and its velocity at that timeisV.

(i) Show that

X = sin’l(foll Vw1 VZ)

(i) Thetime that has passed since the particle began its movement is given by t.

dv
By considering @ = E , show that

Con | V@AV
V(L + 41 - V%)

[Y ou may assume the following result

av \Y;
————=log | —F—— )
J‘v/il—vz ge{1+ /71_\/2} , DON’T PROVE IT.]

(c) Consider f(x):ln(1+x)—1L ad gx) = In(L+X) —x, x>0
+ X

(i) Show that g(x) isadecreasing function for all positive values of x.

(i) Deducethat X > In(1 + x)

(iii) Henceshow that —X— < In(1 + x) < x
1+x

End of Paper
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(i)

The graph of y = = f(x} is shown below,

Only those values in the domain of y = — f(x) for which y 20 are
included in the graph of y= J-ﬂxi. That is, only values of x wherc

-4< x50 are included.

For values of y = — f(x) that arc less than 1, J- Fx)>=s(x).
For values of y = = £(x) that are greater than 1, = f(x) <~ f{x).

Note that 1}-fiﬂi=land -fl-4}=0.

The graph of y = - f(x)for — 4 < x S 0 together with the graph of

y= \,‘- fixs are shown below.

y==f(x), —-4s5xs0

s fo comed shoe
4 ﬁ'fmm.cf asvadert
ebae o bilpw ya

(iv)  The graph of y = In(f{x)) only exists for £(x)> 0. that is, for

r<-damd x> 0.

The graph of y = In{f(x)} is shown helow.
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